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An analytic solution has been obtained for the steady-state tempera- 
ture field of two coaxial finite cylinders, the inner of which is a rotor. 
Two cases corresponding to different conditions of cooling of the outer 
cylinder, or housing, are considered. 

In so lv ing  p r o b l e m s  involving d e t e r m i n a t i o n  of the 
t e m p e r a t u r e  f i e lds  of gyro  m o t o r s ,  m i n i a t u r e  con t ro l  
m o t o r s ,  and c e r t a i n  types  of e l e c t r i c  d r ive ,  it  i s  
n e c e s s a r y  to c o n s i d e r  the  t e m p e r a t u r e  f i e ld  of two 
coax ia l  c y l i n d e r s  of f in i t e  length.  The  inne r  c y l i n d e r  
p l a y s  the p a r t  of r o t o r ,  while the ou te r  c y l i n d e r  r e p -  
r e s e n t s  the hous ing  o r  case ,  as  shown s c h e m a t i c a l l y  
in the f i gu re ,  

The  hea t  s o u r c e s  a r e  the s t a to r ,  l oca t ed  in the  
i n t e r i o r  cav i ty  of the ro to r ,  and the r o t o r  b e a r i n g s .  
Hea t  e s c a p e s  th rough  the hous ing  to the e x t e r n a l  m e -  
dium. 

We wil l  c o n s i d e r  the p r o b l e m  of d e t e r m i n i n g  the 
s t e a d y - s t a t e  t e m p e r a t u r e  f i e ld  for  a mode l  with the 
p r o p e r t i e s  d e s c r i b e d  above and b o u n d a r y  condi t ions  of 
p r a c t i c a l  i m p o r t a n c e .  

The fo l lowing  quan t i t i e s  a r e  a s s u m e d  known: Tst(Z) 
the t e m p e r a t u r e  d i s t r i b u t i o n  a iong the s u r f a c e  of the 
s t a to r ,  | the  t e m p e r a t u r e  of the  m e d i u m  s u r r o u n d i n g  
the housing,  and W1, Wz the hea t  outputs  of the r igh t  
and le f t  b e a r i n g s .  We f u r t h e r  a s s u m e  that  the t e m p e r -  
a t u r e  does  not v a r y  ove r  the  t h i c k n e s s  of the housing.  

In [1] the equat ion of hea t  conduct ion is  d e r i v e d  fo r  
a thin p l a t e  both of whose  s u r f a c e s  a r e  cooled.  

Th i s  equat ion  is  e a s i l y  adap ted  to the c a s e  in which 
one s u r f a c e  of the p l a t e  is  h e a t e d  by a gas  f low and 
the o t h e r  is  cooled.  M o r e o v e r ,  a f t e r  going o v e r  to a 
c y l i n d r i c a l  c o o r d i n a t e  s y s t e m ,  the  equat ion thus o b -  
t a i ned  can be  app l i ed  to a t h i n - w a l l e d  c y l i n d r i c a l  she l l .  
With  the  above  a s s u m p t i o n s  the  d e t e r m i n a t i o n  of the 
t e m p e r a t u r e  f i e ld  of the r o t o r  and the hous ing  r e d u c e s  
to the so lu t ion  of the  s y s t e m  of equa t ions  

O~Tr + 1 Orr + 02Tr = O, 
Or 2 1" Or Oz ~ 

d~r~ + V~ ( %  - -  O) = O, 
dz2  - -  

d2T~r _~ 1 dT~e + y ~ ( T ~ c _ O ) = O  ( i = I ,  2) (1) 
dP r dr 

with boundary cond i t ions  

[ l OTr ] =Ts t  
Yr fib Or r~ro 

(~o Or :=~.= fio Or 

[ j [  ,<c] 1 OT r = Tje 
Tr fi1 Oz ~=z fi2 Oz 

Tr fi1 OZ z=-t = T2c fi2 OZ " " 

The quant i t i es  y~ and ~ a r e  found f rom the equat ions  

~ =  fi0 f i3;  v ~ -  fi~ fi~ (3) 
6 (6fi0 - -  1) ~ 6 (6132 - -  1) & 

As m a y  be  seen  f rom e x p r e s s i o n s  (3), for  d i f f e ren t  
r e l a t i o n s  be tween  :?i and 6 the quan t i t i e s  T~ and 3/2 may  
be both pos i t i ve  and negat ive .  

The subs t i tu t ion  of 

T r (r, z) = R (r) Z(z) (4) 

in the first equation of s y s t e m  (1) leads to the equation 

1 d~Z a (d~R + ~  d R ) = _ m . . .  (5) 
= - - ~  \ d:~ ~ / Z d z  2 

We take  the e igenfunct ions  Tk(r ,  z) in the f o r m  

Tk = [Btflo (mkr) + B~Ko (m~r)] cos (mkz) -t- 

+ [B3klo (mkr) + B~kKo (mkr)] sin (mkz). (6) 

In o r d e r  to s a t i s fy  bounda ry  condi t ions  (2) fo r  an 
a r b i t r a r y  f o r m  of the funet ions  Tst(Z), T0e(Z), Tic(Z), 
we r e p r e s e n t  the funct ion T, in a c c o r d a n c e  with [2], 
in the f o r m  of a s e r i e s  in e igenfunet ions :  

r = To(r ) + 2  (T'~ + T'~). (7) 
k=l 

Here ,  T0(r) is  the so lu t ion  of Eqs.  (5) at  m = 0; T [  
and T [  a r e  funct ions  d e t e r m i n e d  by e x p r e s s i o n  (6) and 
sa t i s fy ing ,  i n s t e a d  of (2), the fo l lowing bounda ry  con-  
d i t ions :  

T~ lz=• = 0 ;  

1 + [5 o T'k . . . .  = F~ k (z); 

[OT '~ , ]~=R~ &~ (z); + fio Tk 

V;;1 . . . .  - -  O; Tk' ]r=Ro = O; 

Oz + fi1T'~ 

; - O z -  + fI1T'~ z=-l = Fa~ (r). (8) 

The  funct ions  F ik  in e x p r e s s i o n s  (8) a r e  the k - th  
h a r m o n i c s  of the F o u r i e r  expans ions  in e igenva lues  of 
the fo l lowing funct ions :  

Fo =fibTst; F1 = fioTor 07or . 
Or 

F2 ----- fit T1r - -  OTI~ " OT~c Oz F3= fi2 T2~ - -  - -  (9) 
' O z  
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Schemat ic  r ep resen ta t ion  of 
finite cyl inder  in a housing.  

F r o m  the boundary  conditions (8) we obtain e igen-  
values equal to kTr/2l for  the function T '  and kTr/(R0 - 
- r 0) fo r  the function T".  Accordingly,  the e xp re s -  
sions for  the functions F i take the f o r m  

F~ (z) = + at~ cos 2l 

(i ---- 0; 1), 
~o 

t~o ~ (  k n r  
F~ (r) = ~ + ti~ cos Ro - -  ro 

(i = 2; 3); 
l 

I f Fi(z) cos - -  ask ~ T 
--i 

l 
1 ~ k ~ z  dz 

bi~ = "-I F ~ (z) sin 2-~- 

k a z  I - -  + bt~ sin - - ~ /  

Sik 

t- s~ sin - -  

k J z z  
dz; 

2l 

(i = 0; 1); 
- - !  

Ro 

2 S F~ (r) cos k ~ r 
t~ = Ro - -  ro Ro - -  ro 

fo 

Ro 

2 ; F~(r) sin k a r  dr 
Ro - -  ro Ro - r0 

ro 

Ro -- ro 

- -  dr; 

(i = 2; 3). 

(1o) 

(11) 

The general solution of the first equation of system 
(i) with boundary conditions (8) is obtained in the form 

T = A ~ + A ~ l n  ~--'+ 
fO 

00 

k=l 

+ [B{~I o (uK) + B;~Ko (utg)l sin (ut~z) -Jr- 

+ [ B ; , I  ~ ( z + 2 '  t - i - B : ' K o (  z + 2 l  I I  r - -  COS -- -~ 

\ v~ / k v~ / j v~ 

The cons tan ts  of in tegra t ion  found f r o m  boundary  con-  
dit ions (8) a r e  evaluated using the f o r m u l a s  

Ai = croa~176 + a~o As = a:o - -  2A: [5o 
2 (Cro ~ + ~o) ' 2c 

B;k = Dlk (aokPlk --a,kp2k), B2~ = Dlk (alkPl~ - -  ao~ Pak), 

B'ak = D** (bokp,k - -  b~p2k), B'4k = D** (b~p~ - -  bo~pa~), 

B';~ = D ~  (te~q~k - -  taaq~), B2"~ = D2~ (ta~q~ - -  t~.~qa~), 

Ba~ = D ~  (s=~q,~ - -  saq..~), B ~  = D ~ (sa~q~ - -  s=~q~), (13) 

where 

�9 1 R o .  k a~ Ro - -  r____.~o, c = - -  + 18o In , 

Dx~ = (p~p~  - -  pz~p~ )-x; Ds~ = (q~q~, - -  qz~q3~)-~; 

p~ = - u j ~  (U~ro) + f~ lo (u~ro); 

Ps~ = u~K~ (u~ro) + ~ Ks (u~,'o); 

p ~  = u~l~ (u~Ro) + ~o Io (u~Ro); 

pa~ = - -  u~g~ (u~Ro) + ~o Ko ( u ~ R o ) ;  

q:~ = - -  Ix + ~: Io ; 
U~ 

q~ = - -  7 [  K~ + f~l Ks ; 

=_, 
q~k vt~ 

q~ = - -  v--k 

At the points where  the e lements  of the housing 
meet,  we wri te  the boundary  conditions in the f o r m  

W~ = - -  2q  L~6 dTl~ " , r = q ;  i = t ;  2; 

Tie =Toc; dTlc dT~ - -  ; r = R 1 ;  z = / 1 ;  
dr dz 

T2r = Toe; dTsc dToc - - = - - ;  r = R 1 ;  z = - - I  I. ( 1 4 )  
dr dz 

The case  ~ > 0, T~ > 0 co r re sponds  to small  values  
of 5 and/3 2. In this case  we obtain the functions Tic in 
the f o r m  

To~ =Col sin (Y1 z) + Cos cos (~1 z) + O; 

T t e = C a J o ( Y s r ) + C ~ N o ( ~ 2 r ) + O  (i= 1; 2). (15) 

The constants  of in tegra t ion Cik a re  computed f r o m  
the fo rmulas  

a, - -  1 

Ct, = ~1 Cos + (--1) ~+11x Col-- ~ ;  Ca = • -- ~i Cis, 
T~ - -  T 1 

where  we have in t roduced  the notation 

N1 (% r0 No 6hR0 % =  ; % =  ; (16) 
J 1 (% ra) do (73 Rx) 

Wi 
~ i =  2 q a 6 j l ( y a r O % ;  

1 [ NI(%R')  ] 
O 1 ~ I: l ; 

�9 ~ x l  ] I (YsR0 
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0"= ~--- 
71 sin (371 ll). 371 cos (37110. 

, { Y 3  ~ . . . . . . .  , 

3?2 d~ (3?2 R1) 37~ 21 (~2 R~) 

sin (371 lx) cos (% ll) ~x ; .q = (17) 
do (37~ R 0  do (3?2 R~) 

F o r  the  c a s e ~  < 0, ~ < 0, i . e . ,  f o r  r e l a t i v e l y  
l a r g e  5 and/32, we obta in  

T0c = Co~ exp ( - -  371z) + Co= exp (371 z) + O; 

T~r ( i =  l; 2). (18) 

Then,  in s t ead  of  e x p r e s s i o n s  (16) and (17), we h a v e  

Col = (al + 1) [• (~tal-- a=) - xl(na~ --  a,0] 

C0~ = (a~ + I) [~ (~al + a=) -- • (~al + a~)] 
o~ ( ~  + ~ )  - ~ -  ~ 

C12= ~ lCol+ l~Co~+•  , C=~= Ix C o x + r l C o ~ + ~  , 
"g~ - -  "r " T~. - -  a: 1 

Ct~ = *l Cir. - -  ~i, (19) 

the  quan t i t i e s  i n t r o d u c e d  in (17) tak ing  o the r  va lues ,  
na me ly ,  

K1 (~2 rx). Ko (372R1) . 
X 1 ~ ~ , T= ~ 

11 (3?= r0 Io (7= R0 

W~ 1 [ KI (72R1) . r l ] ;  
•  2 q x ~ 5 i i ( 3 7 2 r l )  ; e l -  z 2 - z ~  L 11 (3?=Rx) 

71 exp (371 It). 71 exp(- -  371 10. 
as = 7= I1 (72 R1) ' ~3 = 3?211(72 R 0  ' 

exp (u exp (--71 ll) (20) 
to(37..~1i' n -  Io(37=R1) 

Earlier, in constructing Eqs. (1) it was assumed 

that the temperature gradients 3T0c/3r and 5Tic/0Z 
were equal to the ratio of the temperature drop at the 

different surfaces of the housing to the thickness of 

the housing. Therefore, for the functions F i given by 

Eqs. (9), after substituting the ratios for the deriva- 

tives, we obtain the relations 

,~ = 6o (56o Too - -  O), 
~6o - 1 

Fi+~ 6~ (662Tir (i = 1; 2), 
5 6 ~ -  1 

which close the system of equations needed to calcu- 
late the temperature fields of the coaxial cylinders in 

question. 

NOTATION 

T r is the temperature of rotor; T0c is the temper- 

ature of cylindrical part of housing; Tic and T 2 c are the 
temperature of right and left ends of housing ; /3b, 30, and 
/31 are the relative heat transfer coefficients for cor- 

responding parts of the rotor boundary layer; /32 is the 

relative heat transfer coefficient for lateral parts of 
housing boundary layer; /33 is the relative heat trans- 

fer coefficient for outer surface of housing; Tst is the 
temperature distribution along surface of stator; @ is 

the temperature of medium surrounding housing ; W I and 

W 2 are the heat output of right and left bearings; Ai, 

B i, and C i are arbitrary constants of integration ; F i are 

functions, reduced to center of gap, determining the 

boundary conditions for the rotor; a, b, t, and s are the 

coefficients of Fourier expansions of the functions Fi; 
m k are eigenvalues ; li(x) and Ki(x) are modified Bessel 
functions of order i; X is the thermal conductivity; r 0 

is the inside radius of rotor; R0 is the outside radius 
of rotor; 2/ is the length of rotor; 6 is the thickness of 

housing; r I is the radius of outer ring of bearing; R I = 

= R0 + 6 and l~ = l + 6 a r e  the c h a r a c t e r i s t i c  d i m e n s i o n s  
of hous ing ;  r and z a r e  c y l i n d r i c a l  c o o r d i n a t e s .  
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